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Pig. 4 Prediction of temperature and radius ratio at matched
pressure location: • • • , isentropic expansion; ——, zero drag;
—— -, universal plume drag; —, Eq. (10); © Wilson's predictions.

in the figure are temperature predictions reported by Wilson10

using a more complete, though still approximate, method for
calculating the expansion region. That method includes the
plume shock, Mach disk, and reflected shock, although
approximately. That the technique described here, using a
drag coefficient based on the universal plume shape, is in
excellent agreement with the more complex model indicates
that the present model for CD does account for the entropy
production within the expansion region.

IV. Conclusions
A mathematical model for a low altitude plume which

assumes that the plume is at constant pressure is limited, to a
large extent, by the accuracy of the input conditions for the
model: the temperature, concentrations, velocity, and size of
the plume at the matched pressure point. Integral balances of
mass, momentum, and energy can be employed to solve for
these input conditions. A method of prescribing a drag
coefficient has been identified which has three favorable
attributes: it is extremely easy to employ; it is in agreement
with the second law of thermodynamics; and it gives answers
which agree with more complete calculations of the ex-
pansion.
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Correlation of Turbulent
Shear Layer Attachment

Peak Heating Near Mach 6

J. WayneKeyes*
NASA Langley Research Center, Hampton, Va.

Nomenclature
BS, IS, SL = curved bow shock, plane impinging shock,

shear layer, Fig. 1
cp — specific heat at constant pressure
d = body diameter
h = heat-transfer coefficient
M — Mach number

= static pressure
= temperature
= velocity
= total length of shear layer, Fig. 1
= turbulent shear layer thickness at attachment
= shear layer angle relative to local inclination
= viscosity
= density, (pw<xpp/Tw)
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Subscripts
1, 2, 3, 4,
local
P
W, 00

= regions in flowfield, Fig. 1
= local value upstream of separation
= peak
= wall and freestream, respectively

Introduction

AKNOWLEDGE of peak heating in regions of interfering
flows, in particular shear layer attachment, is important

in the design of components of high-speed vehicles, such as
inlet cowl lips, wing and fin leading edges and surface panels,
and external protuberances. Investigations of two- and three-
dimensional attachment heating were reported in Refs. 1-5. A
correlation of free shear layer attachment peak heating on
hemispheres was made in Ref. 6.

This Note presents a correlation of new turbulent two-
dimensional data and peak heating data for attaching free
shear layers from Refs. 3 and 7. The present data were ob-
tained on a 2.54-cm and 5.08-cm-diam cylindrical leading-
edge slab 25.4-cm long with widths of 7.62 cm and 10.16 cm,
respectively. A sharp leading-edge flat plate (30.48-cm long by
25.4-cm wide) set at 15 and 20 deg was used to generate plane
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Fig. 1 Sketch of shear layer flow field.

impinging shocks. The freestream Mach number was 6 with
the freestream Reynolds number varying from 3.3 x lO 6 to
25.6 x 106/m. Peak heating was measured on the silica-based
epoxy models using the phase change coating technique.7'8

A sketch of the shock pattern for shear layer attachment
heating is shown in Fig. 1. This pattern consists of a plane
shock intersecting the curved bow shock of the slab, thus
creating a free shear layer with an initial thickness essentially
zero (order of the shock thickness) and supersonic flow on one
side and subsonic flow on the other side (u2/u4 ^0.28). The
shear layer attaches to or interacts with the boundary layer
along a line parallel with the cylindrical leading-edge axis
causing high local pressure and heating. If the shear layer
angle 0SL exceeds the maximum turning angle for region 5, the
shear layer becomes detached, and the pattern changes to the
"jet impingement" type of interference heating.1'2 Heat
transfer in the attachment region is strongly dependent on the
type of shear layer (laminar, transitional, or turbulent9), as
well as its state of development (if turbulent3).

Data Correlation
Peak heating caused by an attaching free shear layer is

analogous to a reattaching separated boundary layer.2'6 In the
present case, correlation parameters proposed in Ref. 10 for
reattachment heating on two-dimensional ramps are used.
These parameters are based on the assumption that a viscous
sublayer is formed downstream of the beginning of reat-
tachment and that peak heating occurs near peak pressure.10

Peak heating is determined by a simple flat-plate relation with
the "length of run" taken from the beginning of reat-
tachment, and the local properties are those after the flow has
been turned and compressed (region 5 in Fig. 1). It was
further stipulated in Ref. 10 that the local density and
viscosity be a function of the wall temperature.

Figure 2 presents a correlation of the measured peak
Stanton number, h p / ( p w u5 cp), as a function of Reynolds
numbers based on the length of the sublayer at attachment,
(pw us dSL>T)/ (fjiw sin 0SL). Values of pw and /*„ are calculated
using the measured peak pressure and wall temperature. The
sublayer length is approximately equal to <5SL r/sin 0SL where
the shear layer thickness was calculated from the expression,6

6SLr = 0.123 XSL. Values of X$L and 0SL were obtained from
schlieren photographs. All other necessary flow conditions
(u5 and peak pressure /?5, if not known) can be calculated
from available computer codes.11 The present data are
compared with data of Refs. 3 and 7 and the data and
correlation of Ref. 10 for reattaching turbulent two-
dimensional separated flows. The data of Ref. 10 are for
initially "fully" developed turbulent boundary layers before
separation (turbulent separated flows), whereas the free shear
layer data are initially laminar. A comparison of the free
shear layer data with the transition data of Ref. 9 indicates
that the shear layer data are turbulent at attachment. In
general, most of the data fall (a factor of 2) above the data
and correlation of Ref. 10. Any effect of attachment angle on
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Fig. 2 Correlation of attachment peak heating for shear layers.

heating or any difference between two- and three-dimensional
data fall within the data scatter. Also, any differential effect
of surface curvature on heating is probably of second order
and not significant, because the attaching free shear layers are
slightly curved themselves before attaching to the surface of
both the two- and three-dimensional models.

The trend of the data indicates that peak heating is strongly
influenced by the state of development at attachment. As the
free shear layers become more "fully" developed, the data
approach the two-dimensional correlation. A tentative ex-
planation is that the free shear layers undergo transition
before attachment and, even for Reynolds numbers con-
siderably in excess of the nominal transition value (=104),9

still exhibit a memory or history of the transitional structures.
As a check, data from transitional separated flows12 are
shown in Fig. 2, and these data agree with the free shear layer
results. This evident persistence of the transitional flow
structures has been previously isolated and identified, for
example, see Fig. 2 of Ref. 13 for subsonic free flows and
Figs. 1 and 2 of Ref. 14 for supersonic/hypersonic boundary-
layer case. The research discussed here indicates a similar
behavior for supersonic free shear flows also.
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Higher Order Theory for
Vibrations of Thick Plates

A. V.KrishnaMurty*
Indian Institute of Science, Bangalore, India

THE thick plate is basically a three-dimensional problem.
The advantages of being able to treat it as a two-

dimensional problem attracted research workers in the past to
develop two-dimensional models for the analysis of thick
plates. In 1945, Reissner1 brought out that secondary effects
such as transverse shear deformation can assume considerable
significance in the bending analysis of elastic plates. In 1951,
Mindlin2 gave a theory for vibration analysis of plates, in-
cluding the effects of transverse shear and rotary inertia. This
formulation involved an unknown coefficient, which was
determined by comparison with Lamb's exact solution for an
infinite plate. Narasimha Murthy3 developed an alternate
formulation without involving any unknown constant. More
recently, Srinivas4 has carried out extensive studies of
thickness effects on vibrations of plates. These studies have
shown that, in certain ranges of the parameters involved,
application of thin-plate theory can lead to significant errors
in the prediction of the frequency spectrum. Thus, there is a
need for a theoretical model, with flexibility for incorporating
the required level of refinement and some guidelines for the
choice of the level of refinement. In this Note, one such theory
is presented. Starting from three-dimensional equations of
motion, a hierarchy of sets of two-dimensional equations of
motion representing the thick-plate behavior to different
degrees of approximation have been derived. This derivation
proceeds somewhat on similar lines followed by the author in
Refs. 5-7 for the case of vibrations of short beams.

Formulation
In a homogeneous, linearly elastic thick plate the. three

displacement U, V, and JHFare, in general, functions of x, y,
and z. It will be possible to construct a two-dimensional
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model, if the displacements U, V, and ^Fcan be expressed in
terms of the midplane displacement u, v, and w and other
generalized displacements which depend on x and y. This can
be done by adopting the general approach of Ref. 5 with one
difference. As in Ref. 5, if the transverse deflection is con-
sidered as a sum of two components wb and w5, one part wb
corresponding to the classical bending and the second part ws
corresponding to a shear strain which is constant across the
thickness, then the second part ws gives rise to nonzero
complementary shear stresses at the top and bottom surfaces
of the plate. This results in violation of the stress-free surface
conditions and therefore the second component ws cannot be
included. U, Vy W, are taken in terms of the midplane
displacements u, v, w, as

(la)
dw

vy n = 1,2,3,...

W=w (lc)

The midplane displacements u, v, and w and 0n and $n
functions depend upon x and y only. Second terms in the
expressions for U and K, correspond to the classical bending
of thin plates. 0n, \]/n terms are included in order to provide
for arbitrary variation of U and V across the thickness.
Thickness-wise variation of Wis ignored as its effect is small
on transverse natural frequencies.

As the primary interest here is in the bending vibrations of
thick plates, t/and Kare considered to be antisymmetric in z.
Hence pn = 0 at z = 0. At the free surfaces z= ±t/2, the shear
stress is zero, dpn/dz = 0. To satisfy these conditions pn are
chosen as

(2)

where %=z/t.
Introducing Eqs. (1) and (2) in the standard three-

dimensional stress-strain and strain-displacement relation-
ships, and using the Hamilton principle, the governing
equations for transverse vibrations may be deduced as

\I 84w
+

dy2dx2 dy

' I d xdx3 ' ^ '-°' dxdy2
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d2*» I^r J
= J,2,3,...,M (4)


